We propose a simple experimental scheme to realize simultaneously the one-dimensional spinorbit coupling and the staggered spin flip in ultracold pseudospin-1/2 atomic Fermi gases trapped in optical lattices. In the absence of interspecies interactions, the system supports type-I and II Weyl semimetals in three-dimensional and gapped Chern insulators and gapless topological semimetal states in two-dimensional lattices. By turning on the s-wave interactions, a rich variety of gapped and gapless inhomogeneous topological superfluids can emerge. In particular, a gapped topological Fulde-Ferrell superfluid, which supports the chiral edge states at opposite boundaries with the same chirality, is predicted.
I. INTRODUCTION
Topological states that exhibit topologically protected excitations and gapless edge modes have attracted much attention in recent years [1] [2] [3] . Spin-orbit (SO) coupling plays an essential role in such novel quantum states of solids, giving rise to the quantum spin-Hall effect [4] [5] [6] , Majorana fermions [7] [8] [9] , and Weyl semimetals (WSMs) [10] [11] [12] [13] . Recently, the experimental realizations of the Raman-induced one-dimensional (1D) SO coupling in ultracold atomic gases [14] [15] [16] have offered a new paradigm for exploring a variety of topological states, including the gapped topological insulators or superfluids or gapless topological semimetals (tSMs) with unprecedented opportunities [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Ignoring collisional interactions, a rich variety of interesting topological phenomena has been experimentally addressed concerning singleparticle physics of ultracold atoms in optical lattices, including the Su-Schrieffer-Heeger model [29] , Hofstadter model [30, 31] , Haldane model [32] , synthetic dimensions [33, 34] , and topological charge pumping [35, 36] , except for the gapless WSMs and tSMs which remain to be realized. When interactions are included, topological Fulde-Ferrell (FF) superfluids are theoretically predicted to appear in Rashba SO-coupled atomic Fermi gases in the presence of both in-plane and out-of-plane Zeeman fields [37] [38] [39] [40] . The inhomogeneous FF superfluid is characterized by Cooper pairs carrying a nonzero singlevalued center-of-mass (c.m.) momentum. The atomic Rashba SO type remains a challenging task to synthe-size, despite some recent theoretical proposals [28, [41] [42] [43] [44] [45] and experimental advances in two-dimensional (2D) gases [46, 47] . It is of great interest to answer if there exists a simple way to realize the exotic WSMs and tSMs for single particle spectra and observe inhomogeneous topological superfluids in atomic gases. An affirmative answer will significantly enhance our understanding of topological quantum matters and motivate the relevant studies in the condensed-matter community.
In this paper, we propose a readily implementable experimental scheme to realize simultaneously the 1D SO coupling and the staggered spin flip in pseudospin-1/2 atomic Fermi gases trapped in a three-dimensional (3D) cubic lattice. In the absence of the interatomic interactions, we show that the system supports WSMs. Particularly, for a reduced 2D lattice, our system realizes a nontrivial model Hamiltonian for a chiral p + ip superconductor with an inversion asymmetric potential, which gives rise to the gapped Chern insulator (CI) and gapless tSMs. Furthermore, including effective attractive swave interactions in 2D lattices, a rich variety of gapped and gapless topological FF superfluid phases may appear. Of particular interest, we find a gapped topological FF superfluid, which hosts chiral edge states at opposite boundaries with the same chirality. This paper is organized as follows. In Sec. II, we introduce our model of Raman-induced spin-orbit coupling and derive the single-particle Hamiltonian for a pseudospin-1/2 atomic Fermi gases. In Sec. III, we study the phase transition between the type-I and -II Weyl semimetals in 3D lattices. In Sec. IV, we study the topological states and phase diagram in 2D lattices. In Sec. V, we present the inhomogeneous topological superfluids in 2D lattices by utilizing the Green's-function method. In Sec. VI, we discuss the experimental feasibility of our model. Finally, in Sec. VII, we give a brief summary.
II. MODEL AND HAMILTONIAN
Our system consists of an ultracold gas of N fourlevel fermionic atoms subjected to a bias magnetic field B along the quantization z axis. Figure 1 (a) displays the atomic level structure, and Fig. 1(b) illustrates the laser configuration. Specifically, the atomic transition frequency from the electronic ground state |↑ (|↓ ) to the excited state |e ↑ (|e ↓ ) is ω a , and the magnetic quantum numbers of these electronic states satisfy m σ = m eσ (σ =↑, ↓) and m ↑ = m ↓ + 1. The ground states |↑ and |↓ are split by the Zeeman shift ω Z induced by the bias field.
Moreover, we assume that atoms are deeply confined in a spin-independent red-detuned 3D cubic optical lattice
with the aspect ratio γ, the depth of the lattice U ol , and k L = √ 2π/λ with λ being the wavelength of the Raman lasers. The lattice constant is a = π/k L . To generate SO coupling, the transitions |σ ↔ |e σ are driven by a pair of π-polarized standing-wave lasers with frequency ω L , which are detuned ∆ = ω a − ω L from the atomic transitions. These two beams propagate along the directions e x − e y and e x + e y with Rabi frequencies Ω
respectively, where e α (α = x, y, z) are the unit vectors along the α axis. Hence, the total Rabi frequency is
To complete the Raman process [15, 16] , the atoms are also illuminated by a σ-polarized (along the y axis) plane-wave laser with frequency ω L + ∆ω L that propagates along the direction sin ϑe x + cos ϑe z making an angle ϑ to the z axis. The Rabi frequency of the plane-wave laser is Ω 2 e i(κxx+κzz) , where Ω 2 is real,
Compared with the earlier related Raman scheme for creating 1D SO coupling [15, 16] , the use of standing-wave π-polarized lasers leads to nontrivial staggered spin flip M x (r)σ x +M y (r)σ y on the xy plane, as we shall see below.
In the large-detuning limit, |Ω 1,2 /∆| ≪ 1, we adiabatically eliminate the excited states |e σ , which leads to the Stark shifts U 1,2 = −Ω 
, and |∆ω L /∆| ≪ 1, the off-resonant Raman process can be neglected due to the high-frequency prefactor e ±i2∆ωLt . After the gauge transformations |↑ → e −i(κxx+κzz)/2 |↑ and |↓ → e i(κxx+κzz)/2 |↓ , the single-particle Hamiltonian reads (see Appendix A)
where M is the atom mass; A = κ xσzx /2 + κ zσzẑ /2 is the vector potential, with κ x (κ z ) characterizing the strength of the 1D SO coupling along the x (z) direction; 
, and I is an identity matrix. Here we neglect a constant term, −U 2 + δ/2, in U(r). We note that the Hamiltonian (1) corresponds to an optical flux lattice with a nonzero net spatial magnetic flux and large synthetic magnetic field, as discussed in Appendix A. A particular advantage of the present scheme is that it does not rely on the spindependent optical lattice for ultracold atomic gases [48, 49] .
For sufficiently strong lattice potential, the system enters the tight-binding regime such that the field operators of the atoms can be expanded in terms of the localized Wannier function w j (r) ≡ w(r − r j ) of the lowest s orbits, where j ≡ (m, n) is the 2D lattice-site index. We note that for |U 1 /U ol | ≪ 1 and |Ω/U ol | ≪ 1, w(r) is determined solely by the optical lattice potential U ol (r). For convenience, we define three lattice unit vectors, 1 x = (1, 0, 0), 1 y = (0, 1, 0), and 1 z = (0, 0, 1). Now, considering only the nearest-neighbor hoppings, the lattice Hamiltonian reads
whereĉ j,σ is the annihilation operator,n j,σ =ĉ † j,σĉ j,σ , and
is the spinindependent hopping matrix element, with t x = t y ≡ t. The matrix elements for Raman-assisted spin-flip hopping t along the x and y directions, i.e., t
does not contribute to spin-flip hopping along the y (x) axis. The plane-wave laser propagating in the xz plane introduces a Peierls substitu-
rection with matrix elements denoted as R σσ ′ α . Explicitly, we have R x,z = exp(iφ x,zσz ) and R y = I, where the Peierls phase φ x,z = κ x,z a/2 is controllable through the angle ϑ. To obtain Eq. (2), a gauge transforma- [50] is applied to eliminate the staggered factor in the spin-flip hopping.
In momentum space, the Hamiltonian (2) reduces to
where
Here the spin-flip terms d x,y (k)σ x,y preserve the time-reversal (TR) symmetry. The gauge potential induced dispersion ǫ(k) breaks the TR and inversion (P) symmetries simultaneously, which, as will be shown, is essential to type-II WSM [13] in 3D lattices and topological tSM phases and FF superfluids in 2D lattices. Finally, we remark that all control parameters, ϑ, δ/t, t z /t, and t 0 /t, are independently tunable.
III. WEYL SEMIMETALS IN 3D LATTICES
Diagonalizing Hamiltonian (3), we obtain two energy bands: E ± (k) = ǫ(k) ± |d(k)|. It can be shown that, by tuning control parameters, we can find at least a pair of gapless points defined by the solutions of |d(k)| = 0 (see Appendix A). Without loss of generality, we consider the pair located at K + = (0, 0, k w ) and
. Expanding Eq. (3) in the vicinity of K ± , the effective Hamiltonian, after dropping a constant, takes the form
wherek is the wave vector with respect to
0 = 2ta sin φ x . The linear energy dispersion for the momenta along all directions clearly proves that K ± are Weyl points. The topology of the Weyl points is determined by the first Chern number, C = (2π)
over the surface enclosing the Weyl point. We find that the Weyl points K ± indeed have opposite chiralities as their corresponding Chern numbers are C ± = ±sgn(v x v y v z ), which is in contrast to the Weyl points proposed in Ref. [51] that possess topological charge.
Interestingly, the v 0 (k)I term in Eq. (4) which tilts the spectrum allows us to further classify the Weyl point based on the classification of the Fermi surface [13] . In fact, it can be readily shown that, when v
0 /v z < 1, the Weyl point (WP) has a pointlike Fermi surface and is classified as type I (standard). Otherwise, it is a type-II Weyl point, for which the Fermi surface has both electron and hole pockets due to the highly tilted spectrum. The difference between these two types of WPs is also revealed by the corresponding surface states. In Fig. 2 , we plot the typical band spectra calculated with the open boundary condition along the y axis for type-I and -II WPs. Both types of Weyl semimetals support surface states which connect two WPs. However, unlike the type-I Weyl point, the z components of the velocities ∂E/∂k z possess the same sign for the type-II Weyl point. Finally, we point out that, in our model, the transition between type-I and -II Weyl points (Lifshitz transition) can be easily induced by tuning ϑ, the tilt angle of the plane-wave laser.
IV. TOPOLOGICAL STATES IN 2D LATTICES
Our model also hosts a rich variety of 2D topological states. To see this, we assume that the lattice potential long the z direction is so strong that the hopping along the z direction is prohibited (t z = 0), which reduces our system to 2D. In the reduced 2D Hamiltonian (see Appendix A), ǫ(k) becomes an odd function of k x such that it plays a role similar to that of the layer-asymmetric stain in bilayer graphene [52] , which, as will be shown below, is essential to tSMs. To search for the topological states, we again consider the gapless points, defined by the vanishing direct bulk gap E
It can easily be shown that the condition leads to four curves,
which, as plotted in Fig. 3(a) , divide the φ x δ parameter plane into three regions associated with different Chern numbers. Therefore, these curves indeed define the critical point for the topological phase transition. However, it should be noted that even in a topologically nontrivial region, the system is not necessarily a Chern insulator due to the inversion asymmetry of ǫ(k). For a complete characterization of a state, we also need to consider the indirect bulk gap E
In the topologically nontrivial regions, the system belongs to the tSM phase if the indirect gap is closed; otherwise, it is a CI. Analytically, we find that the condition for the tSM phase is | sin φ x | > t 0 /t, which is equivalent to |v To gain more insight into the topological states, we consider the edge modes of the system by imposing a hard-wall confinement along the y direction. Figures 3(b) and 3(c) show the typical energy spectra E(k x ) in the CI and tSM phases, respectively, and confirms that both topological phases support edge modes. Unlike the counter-propagating edge modes in the CI phases, the inversion asymmetry of ǫ(k) in the tSM phase gives rise to the same chirality for both edge modes. The velocities, ∂E(k x )/∂k x , of the edge states at different boundaries have the same sign. Remarkably, the chirality of the edge modes is also tunable by negating the Peierls phase φ x , which changes ǫ(k) to −ǫ(k). We remark that the position of the TR-invariant point depends on only the sign of δ, i.e., k x a = 0 (π) for δ < 0 (> 0).
V. TOPOLOGICAL FULDE-FERRELL SUPERFLUIDS
We now turn to the zero-temperature superfluids in 2D lattices including an attractive s-wave interaction 
, which is invariant under spin rotation, where S is the number of lattice sites and U 0 (< 0) is the interaction strength. We note that although the attractive s-wave interaction may lead to the standard BardeenCooper-Schrieffer (BCS) superfluid, the P symmetry breaking ǫ(k) often induces the asymmetric energy bands that favor a nonzero pairing momentum. In the presence of the FF superfluid, the order parameter ∆ Q ≡ (U 0 /S) k ĉ Q/2−k,↓ĉQ/2+k,↑ possesses a nonzero c.m. momentum Q. In the Nambu representation, the meanfield Hamiltonian is
T is the Nambu operator, and ξ k = ǫ(k) − µ, with µ being the chemical potential. By diagonalizing the Bogoliubov-de Gennes (BdG) Hamiltonian,
, we obtain the eigenenergies E ν η,k and the wave functions ψ ν η,k of the Bogoliubov quasiparticles, where ν = ± represents the particle (+) and hole (−) bands, and η = 1 and 2 denote, respectively, the upper and lower helicity branches [40] . Here, because H BdG (k) preserves the inherent particle-hole (PH) symmetry but breaks the TR symmetry, it belongs to symmetry class D according to the classification of Altland and Zirnbauer [53, 54] . In addition, the fact that Tr[H BdG (k)] = 4ǫ(k) cos(Q x a/2) indicates that Q has to be along the x direction, i.e., Q = Q x e x , if a FF superfluid exists. This result is also confirmed by our numerical simulations. Particularly, we find that a standard BCS superfluid (Q x = 0) emerges when φ x = 0. The topological properties of the system are characterized by the Chern number computed using the hole branch, i.e., C = (1/2π) η=1,2 k∈FBZ dkΩ − η (k) [55] , For the numerical method, instead of minimizing the free energy using numerical differentiation [37] [38] [39] [40] , we perform the derivatives analytically via the Green'sfunction method, which generates ∆ Qx , µ, and Q x with high precision in Appendix C. Furthermore, in all calculations, we take, without loss of generality, t 0 = t, δ = 4t, and n ≡ N/S = 0.8. Figure 4 (a) summarizes the quantum phases in the U 0 φ x parameter plane. Here, a superfluid phase with a nonzero pairing momentum is denoted by "FF". A state with ∆ Qx /t < 1.0 × 10 −2 is considered as a normal state and hence labeled by "N". A topologically nontrivial state (|C| = 1 in this work) is denoted by "t". Finally, "g" and "n" denote the gapped and gapless states, respectively.
To understand these phases, fixing φ x /π = 0.25, we plot the FF momentum Q x and order parameter ∆ Qx as functions of attractive interaction |U 0 | in Fig. 4(b) . Consequently, we find that ∆ Qx = 0 at the small |U 0 | limit and it increases as |U 0 | increases. On the other hand, |Q x | decreases with increasing |U 0 |. Moreover, we find that the chemical potential µ is roughly unchanged with fixing the particle density number n. Figure 4 (c) displays the Chern number and indirect bulk gap as a function of |U 0 |. As we can see, the system also experiences various topological phase transitions as one increases |U 0 |. Associated with the sudden changes of the Chern number, the indirect bulk gap is closed and reopened at the phase boundaries.
To further characterize these phases, we plot the quasiparticle spectrum E(k x ) of each phase in Figs. 5(a)-5(d) . For small |U 0 |, the system falls into the gapless tnFF phase where two edge states possess the same chirality, as shown in Fig. 5(a) , in analogy to that of the tSM phase [see Fig. 3(c) ]. With increasing |U 0 |, the increased ∆ Qx opens up the indirect bulk gap, signaling that the system is in the tgFF phase. Because its quasiparticle spectrum Fig. 5(b) shows that the left and right edge modes have the same chirality around the TR-invariant point, we denote this phase as tgFF-I to distinguish it from the tgFF-II state whose edge modes have opposite chirality [ Fig. 5(d) ]. As |U 0 | is increased further, the system enters the gFF-I phase and the Chern number jumps to zero. Although it is a topologically trivial state, it has two TR-invariant points and edge modes, as identified in Fig. 5(c) [56] . For large U 0 , it naturally expects a trivial topological gFF-II phase without any edge modes in contrast to the gFF-I phase. We also numerically verified that each zero-energy mode at the TR-invariant points in Fig. 5(a)-5(d) corresponds to a Majorana fermion.
VI. EXPERIMENTAL FEASIBILITY
In principle, the proposed scheme should be applicable to most alkali-metal atoms [15, 16] . Here, as an example, we discuss in detail how to implement our scheme in 40 K atoms based on the parameters used in Ref. [15] . First, two ground states can be chosen as | ↑ = |F = 9/2, m F = 9/2 and | ↓ = |F = 9/2, m F = 7/2 . The wave length of Raman lasers may be taken as λ = 773 nm which is longer than the D 1 line. Consequently, the Raman lasers are red detuned with detuning ∆/(2π) = 1.64 THz. The recoil energy is then
15 kHz, and Raman coupling strength is Ω = 0.5E L . Next, we choose a bias magnetic field of B = 31 G, which leads to a Zeeman shift of ω Z /(2π) = 10.28 MHz. In addition, under this magnetic field, the quadratic Zeeman shift can be as large as 41E L , which is much larger than the Raman coupling strength such that the selected states are well separated from other hyperfine states in the F = 9/2 manifold. Finally, the frequency difference between two Raman beams ∆ω L ≈ ω Z is introduced as a tunable parameter.
As to the experimental detection, the predicted topological states can be detected using demonstrated capabilities by measuring the closing and opening of the bulk gap via the Landau-Zener transition [32] , the Chern number of bands [57] , and the Bloch band topology [58] [59] [60] .
VII. CONCLUSIONS
We have proposed an experimental scheme to generate 1D SO coupling in pseudospin-1/2 Fermi gases trapped in optical lattices. It has been shown that our system supports the exotic type-II WSMs and tSMs in singleparticle spectra of 3D and 2D lattices, respectively. In the presence of attractive interaction, it also hosts the gapped and gapless topological superfluids with FF pairings in 2D lattices. The predicted exotic phases can exist over a wide range of control parameters in experimental systems currently available.
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The authors thank X. Here let us first derive the single-atom Hamiltonian for the given level diagram and laser configuration in Fig. 1 of the main text. To this end, we first note that the total Rabi frequency corresponding to the transitions |σ ↔ |e σ that are driven by a pair of π-polarized standing-wave lasers is
As a remainder, the effective Rabi frequency for the other laser light is Ω 2 e i(κxx+κzz) . Now, from the level diagram, it can be read out that, under the rotating-wave approximation, the Hamiltonian for the internal states of an atom is ( = 1)
whereb σ=↑,↓ andê σ=↑,↓ are, respectively, the annihilation operators for ground and excited states and ω ′ Z is the Zeeman shift of the excited states. By introducing the rotating frame that is defined by the unitary transformation
the internal-state Hamiltonian Eq. (A2) reduces to
To eliminate the excited states, we first write down the Heisenberg equation of motion for the atomic operators
where we have formally included the spontaneous emission rate γ for excited states. Now, in the large detuning limit, |Ω 1,2 /∆| ≪ 1, |δ/∆| ≪ 1, and|γ/∆| ≪ 1, the excited states can be adiabatically eliminated by setting iė ↑,↓ = 0, which yieldsê
Inserting these expression forê ↑,↓ into the dynamical equations ofb ↑,↓ , we find
The effective Hamiltonian for the ground states can then be easily read out as
where the off-resonant Raman terms with the high-frequency prefactor e ±i2∆ωLt have been neglected under the condition |Ω/∆ω L | ≪ 1. Finally, incorporating the center-of-mass motion, the single-atom Hamiltonian becomes
which, after the gauge transformations |↑ → e −i(κxx+κzz)/2 |↑ and |↓ → e i(κxx+κzz)/2 |↓ , gives rise to the Hamiltonian Eq. (1) in the main text. The synthetic magnetic field can be easily obtained by following the standard procedure [18] [19] [20] . Specifically, we diagonalize the internal-state Hamiltonian h in for an arbitrary position r. For simplicity, we consider only the flux lattice emerging on the xy plane with fixed ϑ = π/2. The resulting eigenstate that corresponds to the lower energy takes the form |χ − (r) = cos θe [49] . Then, under the adiabatic approximation, the vector potentials A ′ can be straightforwardly evaluated as follows:
where e is the charge of the electron. Now the synthetic magnetic field is (B2) Figure 6 shows the typical spatial distribution of the synthetic magnetic field which takes the form of the optical flux lattices. At first sight, it may appear that the net optical flux vanishes. However, because the atoms are trapped only near the red (blue) sites for the optical lattices generated by the red-detuned (blue-detuned) lasers, the net magnetic flux for atomic gases is nonzero.
where I 2×2 is a 2 × 2 identity matrix and
It can be shown that the Hamiltonian H BdG (k) has an inherent PH symmetry under the PH operator Λ =τ y ⊗σ y K, whereτ y is the Pauli matrix acting on the particle-hole space and K is the complex conjugate operator. In general, with the zero-temperature thermodynamic potential
the system can be solved by seeking the lowest free energy F = Ω + µn, which leads to the self-consistent saddle-point equations for the pairing gap ∆ Q , the particle density number n, and the FF momentum Q, i.e.,
iωn−x is the Fermi-Dirac distribution. Moreover, to obtain the saddle-point equation for Q, we make use of the functional path-integral formalism for the thermodynamic potential
which leads to
Equations (C10), (C11), and (C13) then form a closed set of equations which allows us to solve for ∆ Q , n, and Q. Since ∂H BdG (k)/∂Q and f (H BdG (k)) are 4 × 4 matrices, the numerical method for solving this set of nonlinear equations is very efficient at the zero temperature. Finally, let us comment on the validity of the mean-field approach to the superfluid phase diagram. It is known from previous studies that mean-field theory predicts various qualitative features of 1D and 2D interacting quantum gases in the weakly interacting regime. For example, even in the most serious 1D cases, the qualitative mean-field predictions of topological effects, including the existence of Majorana fermions [63, 64] and dark solitons [65] , are not invalidated by strong quantum fluctuations in 1D [66] [67] [68] .
